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'LE TRAVERSABILITY

(DIRAC, 1963). Every k-connected graph has a cycle through any given k
vertices.
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It is easy to construct k-connected graphs without cycles through & — 1 vertices.

(TutrTE, 1954). Every 4-connected plane graph is Hamiltonian.

(PLUMMER & WILSON; SALLEE, 1973). Every 3-connected plane graph has a
cycle through any given k vertices for k < 5.

Not all 3-connected plane graphs have a cycle through any given 6 vertices!
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How about graphs embedded in other closed surfaces?

CONJECTURE (GRUNBAUM, NASH-WILLIAMS, *70). Every 4-connected graphs
on the torus is Hamiltonian.

(THOMAS AND YU, '94). Every 4-connected graphs on the projective plane is
Hamiltonian.

(TrOMAS AND YU, '97). Every 5-connected graphs on the torus is
Hamiltonian.

(KAWAHABAYASI AND OZEKI, 2011+). Every 4-connected toroidal
triangulation is Hamiltonian.

D. Ye (MTSU) Cycle Traversability 10-26-2019 5/13



An embedding of a graph G in a closed surface is polyhedral if every face is
bounded by a cycle and the intersection of any two incident faces is either a
vertex or an edge.

A graph polyhedrally embedded in a closed surface is called a polyhedral map.
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An embedding of a graph G in a closed surface is polyhedral if every face is
bounded by a cycle and the intersection of any two incident faces is either a
vertex or an edge.

A graph polyhedrally embedded in a closed surface is called a polyhedral map.

@ A 3-connected plane graph is a polyhedral map.
@ Every polyhedral map is 3-connected.

@ Every vertex of a polyhedral map has its neighbors on a cycle.

PrROBLEM (PLUMMER). Does every polyhedral map have a cycle through any
given 5 vertices?
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(GYORI, PLUMMER, Y. & ZHA, 2017+). Let G be a polyhedral. For any given
four vertices, G has a cycle through any three of them but avoid the fourth one.
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(GYORI & PLUMMER, 2001). For any given k + 1 vertices with k < 4, if G has
a cycle through k of these given vertices and avoid the remaining one, then G has
a cycle through any k + 1 vertices.

D. Ye (MTSU) Cycle Traversability 10-26-2019 8 /13



(GYORI & PLUMMER, 2001). For any given k + 1 vertices with k < 4, if G has
a cycle through k of these given vertices and avoid the remaining one, then G has

a cycle through any k + 1 vertices.

(GYORI, PLUMMER, Y. & ZHA, 2017+). Every polyhedral map has a cycle
through any given four vertices.

10-26-2019 8/

D. Ye (MTSU) Cycle Traversability

13



(GYORI & PLUMMER, 2001). For any given k + 1 vertices with k < 4, if G has
a cycle through k of these given vertices and avoid the remaining one, then G has
a cycle through any k + 1 vertices.

(GYORI, PLUMMER, Y. & ZHA, 2017+). Every polyhedral map has a cycle
through any given four vertices.

(H. DoNG & Y., 2019+4). Every polyhedral map has a cycle through any given
five vertices.

D. Ye (MTSU) Cycle Traversability 10-26-2019 8 /13



(GYORI & PLUMMER, 2001). For any given k + 1 vertices with k < 4, if G has
a cycle through k of these given vertices and avoid the remaining one, then G has
a cycle through any k + 1 vertices.

(GYORI, PLUMMER, Y. & ZHA, 2017+). Every polyhedral map has a cycle
through any given four vertices.

(H. DoNG & Y., 2019+4). Every polyhedral map has a cycle through any given
five vertices.

PROBLEM. For any integer 2 < k < 6, what is the largest value ¢(k) such that
every k-connected polyhedral map has a cycle through any given c(k) vertices?
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SMALL LINKAGES

Can we ask a stronger property for polyhedral maps — a cycle through any given
5 vertices in a given order?
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Can we ask a stronger property for polyhedral maps — a cycle through any given
5 vertices in a given order?

— NO!
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SMALL LINKAGES

A graph G is k-ordered if for any given k vertices z1, x2,

..., X, there is a cycle
through these vertices in any given order.

A graph G is H-linked if any injective map ¢ : V(H) — V(G), the graph G has a
subdivision of H rooted at the vertices of o(V (H)).
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SMALL LINKAGES

A graph G is k-ordered if for any given k vertices x1, 2o, ..., 2z, there is a cycle
through these vertices in any given order.

A graph G is H-linked if any injective map ¢ : V(H) — V(G), the graph G has a
subdivision of H rooted at the vertices of o(V (H)).

A graph is k-ordered if and only if it is C-linked.
A graph is k-linked if and only if it is kKo-linked.

For a given graph H, define f(H) to be the minimum integer k such that every
k-connected graph is H-linked.
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(Jung, ’74). f(2) =6.

(SEYMOUR; THOMASSEN, ’80). A characterization for non-2-linked graphs.

(THOMAS & WALLON, 2005). f(k) < 10k. i P,
(ELLINGHAM, PLUMMER & G. Yu, 2012). f(Py) =T7.
Cy
(McCaARrTY, WANG & X. YU, 2019). f(Cy) =T7.
(Lu, RoLEK & G. Yu, 2019+). f(kite) < 8.
kite

(STEPHENS & Y., 2019+). f(kite) =7.
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SMALL LINKAGES

(GODDARD, 2002; MUKAE & OZzEKI, 2010). Every 4-connected surface
triangulation is Cy-linked.
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triangulation is Cy-linked.

(ELLINGHAM, PLUMMER & G. YU, 2012). Every 4-connected plane
triangulation is K, -linked.

QUESTION. Is every 4-connected surface triangulation K -linked?
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SMALL LINKAGES

(STEPHENS, Y. & ZHA, 2018+). Every 5-connected surface triangulation is
K -linked.
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